In this paper, we present a statistical framework for modeling conditional quantiles of spatial processes assumed to be strongly mixing in space. We establish the L1 consistency and the asymptotic normality of the kernel conditional quantile estimator in the case of random fields. We also define a nonparametric spatial predictor and illustrate the methodology used with some simulations.
Introduction
Let (X, Y ) be a pair of random variables with values in R d × R and defined on a probability space (Ω, A, P ). Assume that the joint density of (X, Y ) and the marginal density of X exist and are denoted respectively by f (x, y) and g(x). In the following, we suppose that F (·|x), the conditional distribution function of Y given X = x exists and we denote by f (·|x) the density of Y given X = x. For p ∈]0, 1[ and for fixed x ∈ R d , let µ p (x) be the conditional quantile of order p of F (·|x), that can be seen as a solution of the equation F (y|x) = p. Another alternative characterization of the pth conditional quantile (see for example Gannoun et al. [6] ) is µ p (x) = argmin θ∈R E [(2p − 1)(Y − θ) + |Y − θ| |X = x]. We are interested to the non-parametric estimation of µ p (x) in the case of spatial dependent observations. Nonparametric conditional quantile estimation technics have already been developed for non spatial (independent or mixing) real valued processes. Such results have provided useful tools for solving for example some prediction problems of strictly stationary processes satisfying the α-mixing condition. The existing results in the non-spatial case include the works of Matzner-Løber [10] , Collomb [4] , Gannoun et al. [6] , Laksaci et al. [8] . In nonparametric spatial estimation, the existing works concern mainly the estimation of a probability density and regression functions, see the key references: Tran [12] , Biau and Cadre [2] , Carbon et al. [3] . For the spatial quantile conditional estimation case, there exist only few results in our knowledge. Abdi et al. [1] considered the pointwise p−mean and almost complete consistencies of a double kernel quantile estimator for real-valued random fields. Hallin et al. [7] give a Bahadur representation and asymptotic normality results of the local linear quantile estimator. Laksaci and Fouzia [9] consider the case where the regressor take their values in a semi-metric space and show the strong and weak consistency of the conditional quantile. In this paper, we will go beyond all these last spatial works and provide the L 1 consistency and an asymptotic normality of a kernel conditional quantile estimate of a strictly stationary spatial process satisfying the α-mixing condition. In addition, we employe our results to solve some nonparametric prediction problems. The organization of this paper is as follows. The estimation procedure is presented in Section 2. Section 3 gives some necessary conditions and then establishes the main asymptotic results. Section 4 is devoted to simulations results. Technical proofs are given in Section 5.
Let us consider a strictly stationary process
. . , N }. We set n = n 1 . . . n N , and we write n → ∞ if min k=1,...,N n k → ∞. The well known kernel estimates of f and g are defined by
, where K and w are two probability density functions, and the bandwidths h = h(n) is a sequence of positive real numbers such that h → 0 as n → ∞. The kernel estimate of the conditional density f n (y|x) is naturally defined by the ratio f n (x, y) over g n (x) while the estimator of the conditional distribution function (see the one introduced by Roussas [11] ) is defined by
For a fixed x, the estimator of the pth conditional quantile noted µ p,n (x) can be defined as the root of the equation F n (z|x) = p. Alternatively, one can consider the local constant estimator defined by ν p,n (x) = argmin θ∈R i∈In
In this paper, we will focus on the study of the asymptotic behavior of µ p,n . For the study of ν p,n , one can adapt the technics developed in Zhou [14] .
Main results
To establish the asymptotic results, we will suppose that the sequence (X i , Y i )) i∈(N * ) N satisfies the following mixing condition: there exists a function χ : R + → R + with χ(t) ↓ 0 as t → ∞, such that whenever E, E ′ ⊂ (N * ) N with finite cardinals,
where B(E) (resp. B(E ′ )) denotes the Borel σ-fields generated by
the Euclidean distance between E and E ′ , and φ : N 2 → R + is a symmetric positive function which is non decreasing in each variable. Throughout this paper, we will assume that φ satisfies
for some κ ≥ 1 and some C > 0. If φ ≡ 1, then the field (X i , Y i ) i∈(N * ) N is called strongly mixing. In this paper, we consider the case where χ(i) tends to zero at a polynomial rate, that is,
with β > 0. We fix a compact subset S of R d . Denote a = inf{y : F (y|x) > 0} and b = sup{y : F (y|x) < 1}, we will suppose that V ⊆ [a, b] is a compact neighborhood of the unknown quantile µ(x). For mixing coefficients with polynomial decreasing rate (3), the constraints on the bandwidth will be related to β by means of
.
Denote Ω n = log n nh d . Let ε be an arbitrary small positive number and set
It is clear that n∈Z N 1/( nu(n)) < ∞. In the sequel, we use the following hypotheses.
(A1) f and g are respectively continuous on R d+1 and R d , g satisfies a Lipschitz condition, g(x) > 0, ∀x ∈ S.
(A2) There exists D ≥ 0 such that the pairs (X i , X j ) and ((X i , Y i ), (X j , Y j )) admit a density, say g i,j and f i,j , as soon as dist(i, j) > D. Moreover, for some constant c ≥ 0, (A6) The kernel w is a symmetric and lipschitzian density function on R and has compact support.
(A8) The function µ p (x) satisfies a uniform uniqueness property on S:
Comments on the hypotheses: Assumptions (A9) and (A10) imply conditions (3.7) and (3.8) of Theorem 3.3 in Carbon et al. [3] and they also imply the classical condition nh d+1 / log n → ∞. Assumption (A8) is introduced for getting consistency results on the quantile from those of the conditional distribution.
In order to state the asymptotic results, we will suppose that (A9) and (1) or (A10) and (2) are satisfied. The following two theorems give uniform almost sure convergence results of respectively F n (y|x) and µ p,n (x) and permit to establish the L 1 consistency of µ p,n (x) (see Corollary 1).
To establish the following asymptotic normality of µ p,n (x) (Theorem 3), we will suppose that for any (x, y) ∈ S × V, there exists c > 0 such that f (y|x) > c. Moreover, we will assume that the following additional conditions on the bandwidth hold for some 0 < γ < 1.
(C2) There exists a sequence of positive integers
Theorem 3 Assume that (A1)-(A8), (C1) and (C2) hold. If there exists c ≥ 0 such that nh d+4 → c, then
Prediction
Let (ξ i , i ∈ I n ) be a R−valued strictly stationary random spatial process, assumed to be bounded, observable over a region I n ⊂ N N and observed over a subset O n of I n , n = (n 1 , ..., n N ) ∈ N N . The aim of this section is to predict ξ i0 , at a given fixed point i 0 not in O n ⊂ N N . In practice (e.g. for simplicity), we expect that ξ i0 depends only on the values of the process on a bounded neighborhood V i0 ⊂ O n . In other words, we expect that the process (ξ i ) satisfies a Markov property, see for example Biau and Cadre [2] , Dabo-Niang and Yao [5] . Moreover, we assume that V i0 = V + i 0 , where V is a fixed bounded set of sites that does not contain 0. It is well known that the best predictor of ξ i0 given the data in V i0 in the sense of mean-square error is E(ξ i0 |ξ i , i ∈ V i0 ).
Let V i = V + i = {u + i, u ∈ V} for each i ∈ N N , and d be the cardinal of V (d is also the cardinal of each V i ). To define a predictor of ξ i0 , let us consider the R d -valued random variablesξ i = {ξ u , u ∈ V i ⊂ O n }. The notation of the previous sections are used by setting X i =ξ i , Y i = ξ i , i ∈ N N . As a predictor of ξ i0 , we take the conditional quantile estimate ξ i0 = µ p,n (ξ i0 ) of order p, particularly the conditional median p = 0.5. We deduce from the previous consistency results, the following corollary that gives the convergence of the predictor ξ i0 .
Corollary 2 i) Under the conditions of Corollary 1, we have
ii) Under the conditions of Theorem 3, and if nh d+4 → 0, then
where
These consistency results permit to have an approximation of an 1 − α confidence interval of ξ i0 given by
, where
where Q ζ denotes the ζ-quantile of the standard normal distribution, and the unknown parameters (of the asymptotic variance in Corollary 2) are replaced by kernel estimates. Note also that the quantiles of order p 1 and p 2 (p 1 < p 2 ) can be used to construct a predictive interval that consists of the (p 2 − p 1 )100% confidence interval with bounds µ p1,n (ξ i0 ) and µ p2,n (ξ i0 ).
A simulation study
In this section, we study the performance of the conditional quantile predictor introduced in the previous section towards some simulations. Let us denoted by GRF (m, σ 2 , s) a Gaussian random field with mean m and covariance function defined by
We consider a random field (ξ i ) i∈In from the following model
where X = (X i ) i∈In is a GRF (0, 5, 3), Z = (Z i ) i∈In is a GRF (0, 0.1, 5) independent of X and
. The choice of U i in the model (9) is motivated by a reinforcement of the spatial local dependency. The field (ξ i , i ∈ I n ) is observable over the rectangular region I n and observed over the subset O n defined in (7) and (8) .
We want to predict the values ξ i1 , . . . , ξ im at given fixed sites i 1 , . . . , i m not in O n , with m = 10. The sample obtained from model (9) , observed in O n is plotted in Figure 1 below with the 10 non observable values of the field at i 1 , . . . , i m . As explained in Section 3.1, for any k ∈ {1, . . . , m}, we take the conditional quantile estimate
To compute µ p,n , we select the standard normal density as kernel K and the Epanechnikov kernel as w. For the bandwidth selection, we use the rule developed in Yu and Jones [13] ,
, where h mean is the bandwidth for kernel smoothing estimation of the regression mean, φ and Φ, are respectively, the standard normal density and distribution function. To evaluate the performance of the predictor ξ i k , we compute the mean absolute error (MAE):
The following Table gives We derive from the results of Tables 1 a 90% predictive interval where the extremities are the 5% and 95% quantiles estimates, for each of the 10 prediction sites (see Section 3.1 for more details). Note that these 90% predictive intervals contain the true values. The average length for the 10 intervals is 0.05604 for V = {−1, 1} × {−1, 1} and 0.04455 for V = {−2, −1, 1, 2} × {−2, −1, 1, 2}. The numerical results show that our proposed predictor gives good results on the above simulated field. A next step would be to apply the predictor to a spatial real data and deserves futur investigations.
Appendix
The letter C will be used to denote constants whose values are unimportant. Before proving the main results, let us give the following notations:
Next, we need the following results. (1) or (A10) and (2) are satisfied, then,
Lemma 1 Assume that (A3)-(A7) hold, then,
sup y∈V sup x∈S |Eψ n (x, y) − ψ(x, y)| = O (Ω n ) .
The proof of Lemma 1 is classical (see for example Matzner and Løber [10]).

Lemma 2 Let Assumptions (A1)-(A6) hold. If (A9) and
sup y∈V sup x∈S |ψ n (x, y) − Eψ n (x, y)| = O (Ω n ) a.s.
Proof of Lemma 2. Define
Z i (x, y) = 1 nh d+1 K x − X i h y −∞ w t − Y i h dt = 1 nh d K x − X i h K 1 y − Y i h , ∆ i (x, y) = Z i (x, y) − EZ i (x, y), then S n (x, y) = ψ n (x, y) − Eψ n (x, y) = i∈In ∆ i (x, y).
Lemma 3 Under Assumptions (A1), (A2), (A5) and (A6), we have
The proof of Lemma 3 is similar to the proof of Lemma 2.2 in Tran [12] .
Let us introduce a spatial block decomposition that has been used by Tran [12] and Carbon et al. [3] . Without loss of generality, assume that n i = 2pq i for 1 ≤ i ≤ N . The random variables ∆ i (x, y) can be
and so on. Finally, note that
Observe that, for any ε > 0
Without loss of generality, we consider just the case where i = 1 and we enumerate in an arbitrary way the q = q 1 . . . q N terms U x (1, n, j, y) of the sum T x (n, 1, y) that we call W 1 , . . . , W q . Note that U x (i, n, j, y) is measurable with respect to the σ-field generated by Z i , with i such that 2j k p + 1 ≤ i k ≤ (2j k + 1)p, k = 1, . . . , N . These sets of sites are separeted by a distance at least p and since the Z i are bounded, then we have for all
Lemma 4.4 in Carbon et al. [3] ensures that there exist independent random variables W * 1 , . . . , W * q such that for all i = 1, . . . , q,
Markov's inequality leads to
By Bernstein's inequality, we have
Combining (10) and (11), we have
By Lemma 3, one has
Let λ > 0 and set ε = λΩ n , p = Ω
For the first part of Lemma 2, a simple computation shows that for sufficiently large n,
with b > 0. Analogously, for the second part, as above we have
Now, set R n = h d+1 Ω n and r n =
. Since S is a compact, it can be covered with d n cubes B k having sides of length R n and center at x k with d n ≤ CR
−d
n . The compact set V can be covered with l n intervalls I l having length r n and center at y l , with l n ≤ Cr −1 n . We have
Define
Then, we can write sup
follows easily from the combination of the two following lemmas.
Lemma 4 Under Assumptions (A5) and (A6),
Lemma 5 Assume that (A1), (A2), (A5) and (A6) hold. If (A9) and (1) or A(10) and (2) are satisfied, then
Proof of Lemma 4. On one hand, since the kernel K satisfies the Lipschitz condition, we have clearly
On the other hand, observe that
Since w satisfies the Lipschitz condition,
which gives the proof of Lemma 4.
Proof of Lemma 5. For ε > 0, we have
Setting ε = λΩ n with λ > 0 and taking into account (12) and (13), it suffices to show that l n d n n −b nu(n) → 0
Using (14) and (15), we have (14) and a computation show that
, which goes to 0 by Assumption (A9) and β > N (d + 5). Analogously, (14) and a computation show that
, which goes to 0 by Assumption (A10) and β > N (d + 4 + 2κ). The conclusion of Lemma 5 follows from the Borel Cantelli's Lemma.
Proof of Theorems 1 and 2. First, from Carbon et al. [3] , we have
Since by (A1), g n (x) is bounded away from 0, Theorem 1 follows from the preceding inequality, Lemmas 1 and 2. Next, from (A8), to prove Theorem 2, it suffices to show that
Thus, sup x∈S |F (µ p,n (x)|x) − F (µ p (x)|x)| ≤ sup x∈S sup y∈V |F n (y|x) − F (y|x)| , so that Theorem 2 follows from an application of Theorem 1.
Proof of Corollary 1. First, by Lyapounov's inequality, we have
so, we can write
Then we also have
An integration by parts gives
Using Assumption (A8), we have that for n large enough,
and Corollary 1 follows from Theorem 1.
Proof of Theorem 3. Since
by Taylor's expansion, we have
where µ * p,n (x) lies between µ p,n (x) and µ p (x). To prove the asymptotic normality, it suffices to show that the numerator is normally distributed, and the denominator converges to f (µ p (x)|x) in probability. We have the following propositions. The proof of Lemma 6 is classical and therefore is omitted (see Matzner-Løber [10] ).
Lemma 7 Assume that Assumptions (A1)-(A6), (C1) and (C2) hold, then
where σ 2 (x, y) is defined in (5).
Proof of Lemma 7. Assume for the moment that for any pair (c 1 , c 2 ) ∈ R 2 with c 
where σ * 2 = c 
[ψ n (x, y) − Eψ n (x, y)] − Eψ n (x, y) g n (x)Eg n (x)
[g n (x) − Eg n (x)] ,
[ψ n (x, y) − Eψ n (x, y)] − ψ(x, y) g 2 (x) [g n (x) − Eg n (x)] .
On one hand, according to (16), we have √ nh d W * n L → N 0, σ 2 , with σ 2 being defined in (5). On the other hand,
[ψ n (x, y) − Eψ n (x, y)] + ψ(x, y) g 2 (x) − Eψ n (x, y) g n (x)Eg n (x) [g n (x) − Eg n (x)] which goes to 0 in probability. Finally, we conclude with the decomposition
Now, (16) is proved following the same lines as the proof of Theorem 3.1 in Tran [12] .
Proof of Proposition 2. We have Hence to prove Proposition 2, it suffices to show that sup y∈V |f n (x, y) − f (x, y)| P → 0, this is proved by following the same lines as in the proof of Theorem 3.3 in Carbon et al. [3] .
